Abstract. In this paper, the set of trajectories of the control system described by a nonlinear Volterra integral equation is studied. It is assumed that the set of admissible control functions is the closed ball of the space Lp, p > 1, with radius µ and centered at the origin. It is shown that the sections of the set of trajectories can be approximated by the sections of trajectories, generated by the mixed constrained and Lipschitz continuous control functions, the Lipschitz constant of which is bounded.
Introduction
The global behaviors of many processes, which arise in various fields of science and numerous applications, are described by nonlinear integral equations (see [1] [2] [3] [4] ). Some of these processes have an exterior influences, which can be characterized as control effort or an uncertainty of the system. Therefore, mathematical models of such processes include additional functions, which are called control functions or the functions of uncertainty. In this article, such exterior influences will be accepted as control efforts. Control functions can be classified, depending on their characters, as geometric constrained control functions and integral constrained control functions. Integral constraint on controls are generally needed in modelling systems having limited energy resources, which are exhausted by consumption such as fuel or finance (see, e.g., [5] [6] [7] ).
In this paper, the control systems described by a nonlinear Volterra integral equation are considered. It is assumed that the equation is nonlinear with respect to both state and control vector. The admissible control functions are chosen from the closed ball of the space L p , p > 1, with radius µ and centered at the origin. The set of trajectories generated by all admissible control functions is studied. Predetermining of the properties of the set of trajectories and its numerical construction allows to predict different properties of the control system and to design required control effort. Note that the precompactness of the set of trajectories is studied in [8] . The various topological properties and numerical method for the construction of the set of trajectories are investigated in [9] [10] [11] , where it is assumed that the behavior of the system is described by a nonlinear ordinary differential equation and the control functions have the same integral constraint.
The paper is organized as follows. In Section 2, the basic conditions are formulated which satisfy the system (conditions (A)-(C)). In Section 3, the set of admissible control functions is narrowed down. It is required that new control functions satisfy a geometric constraint along with an integral constraint. The evaluation of Hausdorff distance between the set of trajectories and the set of trajectories generated by mixed constrained control functions is obtained (Theorem 1). In Section 4, it is proved that the Hausdorff distance between the set of trajectories generated by the mixed constrained control functions and the set of trajectories generated by mixed constrained and Lipschitz continuous control functions is zero (Theorem 2). In Section 5, a new compact set of admissible control functions is defined. This set consists of mixed constrained and Lipschitz continuous functions, the Lipschitz constant of which is bounded. It is proved that the sections of the set of trajectories can be approximated by the sections of the set of trajectories, generated by the mixed constrained and Lipschitz continuous control functions, the Lipschitz constant of which is bounded (Theorem 4).
The Hausdorff distance between the sets D ⊂ R n and E ⊂ R n is denoted by h n (D, E), where R n is n-dimensional Euclidean space. The Hausdorff distance between the sets
} and x is the Euclidean norm of x ∈ R n . For given r 0, we set
Preliminaries
Consider the control system the behavior of which is described by a nonlinear Volterratype integral equation
where x(s) ∈ R n is the state vector of the system, u(s) ∈ R m is the control vector, ξ ∈ [a, b], λ 0 is a real number.
For given p > 1 and µ > 0, we set
is called the set of admissible control functions and every function u(·) ∈ U p is called admissible control function.
It is assumed that the functions (2) satisfy the following conditions:
Now let us define the trajectory of system (2) generated by an admissible control
is said to be a trajectory of system (2) generated by the admissible control function u * (·) ∈ U p .
Conditions (A)-(C) guarantee that every admissible control function generates a unique trajectory (see [8] ). We denote by X p the set of all trajectories of system (2) generated by all admissible control functions u(·) ∈ U p . The set X p is called the set of trajectories of system (2). According to [8] , the set of trajectories X p is a precompact subset of the space C([a, b]; R n ), and hence there exists γ * > 0 such that
for every x(·) ∈ X p . For each fixed ξ ∈ [a, b], we set
It is not difficult to verify that X p (a) = {s a }, where s a is unique fixed point of the function x → f (a, x) : R n → R n , i.e., s a ∈ R n is unique vector satisfying the equality s a = f (a, s a ) .
Denote
where γ * is defined by (3) . The validity of the following proposition follows from conditions (A) and (B).
Proposition 1. Let x(·) ∈ X p and x * (·) ∈ X p be arbitrary trajectories of system (2) generated by the admissible control functions u(·) ∈ U p and u * (·) ∈ U p , respectively. Then
3 The set of trajectories generated by mixed constrained control functions
For given H ∈ (0, ∞), we set
and let X H p be the set of trajectories of system (2) generated by the control functions
The following theorem characterizes the Hausdorff distance between the sets X p and X H p . Theorem 1. For each H ∈ (0, ∞), the inequality
holds, where k * is defined by (6).
Proof. Let us choose an arbitrary x(·) ∈ X p generated by the admissible control function u(·) ∈ U p . We define a new control function u 0 (·) :
www.mii.lt/NA where s ∈ [a, b]. It is not difficult to verify that u 0 (·) ∈ U H p . Let x 0 (·) be the trajectory of system (2) generated by the control function u 0 (·) ∈ U H p . Then x 0 (·) ∈ X H p and according to the Proposition 1 we have
for every ξ ∈ [a, b], where R * is defined by (5). Now, for ξ ∈ [a, b], we set
Then we get from (7) and (8) that
p ⊂ U p and applying Hölder's and Minkowski's inequalities, we obtain
where ν(G ξ ) denotes the Lebesgue measure of the set G ξ . Since G ξ ⊂ [a, b], u(·) ∈ U p and u(s) > H for every s ∈ G ξ , then we have
and hence
From (6), (9), (10) and (11) it follows that
where B C (1) is defined by (1) . From inclusion X H p ⊂ X p and (12) we obtain the proof. 4 The set of trajectories generated by the mixed constrained and Lipschitz continuous control functions
Let us define new set of control functions, setting
and let X H,lip p be the set of trajectories of system (2) generated by the control functions
where R * is defined by (5) .
The following theorem characterizes the Hausdorff distance between the sets X 
. According to [12] , we have that, for each fixed h ∈ (0, 1), the inequalities u h (·) p µ and
for each fixed h ∈ (0, 1). Moreover, it is known (see, e.g., [12] 
where g 0 > 0 is defined by (14). Let u 0 (·) = u h0 (·) and let x 0 (·) be the trajectory of system (2) generated by the control function u 0 (·). The proof of the corollary follows from Theorem 4 and Proposition 3 of [8] .
